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Linear Regression



How are we feeling about R?

Please download and install the Slido 
app on all computers you use

ⓘ Start presenting to display the poll results on this slide.
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“Regression” described in 1886

Compared to the the height of their 
parents, heights of children was 
more similar to (i.e “regressed” to) 
the population mean 
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Linear regression is simple

Used for 
• Making predictions
• Hypothesis testing



• What is linear regression?
• Residuals & residual sum of squares (RSS)

• What are the assumptions of linear regression?
• R2 (proportion of variance explained)

• Hypothesis testing
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Residual1 = predicted – Y1  

Y1,X1
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Residual2 = predicted – Y2  
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Residual3 = predicted – Y3  
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Sum of Squares
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Residual1 2 + Residual2 2 + Residual3 2 +Residual4 2 +Residual5 2 +Residual6 2 … = Sum of Squares
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Residual1 2 + Residual2 2 + Residual3 2 +Residual4 2 +Residual5 2 +Residual6 2 … = Sum of Squares

Regression is 
finding the line 
that produces 
the least sum of 
squares  
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Residual Sum of Squares (RSS)

ε  (residuals)

ε1 2 + ε2
 2 + ε3

 2 +ε4
 2 +ε5

 2 +ε6
 2 … = 



SlopeIntercept

Best fit
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Y1 = intercept + slope * X1 + ε1

Predicted Y

Observed Y Observed X

Residual
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Y1 = intercept + slope * X1 + ε1
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Y1 = β0 + β1 * X1 + ε1

Intercept

Observed Y Observed X

ResidualSlope
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Y1 = β0 + β1 * X1 + ε1

Y2 = β0 + β1 * X2 + ε2

Y4 = β0 + β1 * X4 + ε4

Y8 = β0 + β1 * X8 + ε8
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Regression is 
finding the line 
that produces 
the least sum of 
squares  

Yi = β0 + β1 * Xi + εi



Syntax of linear regression in R… lm() function

Response (y): column 
name in “trees 

data.frame

“as a function of”

Predictor(s) (x): column 
name in “trees 
data.frame

“Formula”

“Linear Model” 
function

Dataset (must have columns 
matching names in formula)



Linear regression in R. lm() function





Assumptions of Linear Regression 
(in practice these are rarely met “perfectly”)

• Weak exogeneity: related to experimental design. How much error is 

there in the measurement? Linear regression assumes that there isn’t 

much.

• Linearity: Assumes the relationship is really linear. 

• Constant variance: variance in errors doesn’t depend on predictor.

• Lack of perfect multicollinearity: predictors aren’t highly correlated 

(will come back to this when we look at multiple linear regression)



Linearity



Violating assumptions (linearity)



Non-linear model (will go into much more detail on non-linearity later this 
quarter)



Violating assumptions (constant variance)

Correlation between fitted values and residuals

High 
variance

Low 
variance



Checking model assumptions
Non linear relationship – consider adding 
non-linear predictor

Non-normal residuals – consider 
transformation such as log()

Non-uniform variance - consider 
transformation such as log()

Outliers – consider transformation and 
check for data entry errors
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Linear Regression

• R2

• Hypothesis testing



What is R2?

Proportion of variance in Y (response variable) 
explained by variance in X (predictor variable(s))



X

Y



X

Y

Mean differences between y 
values and the predicted 
values of y based on x

Var(fit)

*Fitted values is a synonym for predicted values of y based on x

Var = Sum of Squares / (n-1)



X

Y

Mean differences between y 
values and the predicted 
values of y based on x

Var(fit)

*Fitted values is a synonym for predicted values of y based on x

Var = Sum of Squares / (n-1)

mean(y)



X

Y

Mean differences 
between y values 
and the mean of y

Mean differences between y 
values and the predicted 
values of y based on x

Var(fit)

Var(mean)

*Fitted values is a synonym for predicted values of y based on x

Var = Sum of Squares / (n-1)

mean(y)



X

Y

Mean differences 
between y values 
and the mean of y

Mean differences between y 
values and the predicted 
values of y based on x

R2 = var(mean) – var(fit)
     var(mean)

Var(fit)

Var(mean)

*Fitted values is a synonym for predicted values of y based on x

Var = Sum of Squares / (n-1)

mean(y)



X

Y

Mean differences 
between y values 
and the mean of y

Mean differences between y 
values and the predicted 
values of y based on x

R2 = var(mean) – var(fit)
     var(mean)

Var(fit)

Var(mean)

If y is perfectly on the fitted 
line var(fit) = 0 and R2 =1 

*Fitted values is a synonym for predicted values of y based on x

Var = Sum of Squares / (n-1)

R2 = “proportion of variance in 
response variable explained by 
predictor variable(s)”  

mean(y)



Hypothesis testing

• Null hypothesis: predictor(s) explain no more variance in y than 
expected by chance

• Alternative hypothesis: predictor(s) explain more variance in y than 
expected by chance

• F-test

• P-value depends approximately on R2, sample size, and number of 
predictors (in multiple linear regression)



where…
R2 = proportion of variance explained

k = number of predictors
N = number of observations

df1 = k

df2 = N-k-1



where…
R2 = proportion of variance explained

k = number of predictors
N = number of observations

df1 = k

df2 = N-k-1

k=1 N=nrow(trees)=31



Linear regression T statistic (testing each ꞵ) 

𝑇 =
𝛽𝑗

𝑆𝐸(𝛽𝑗)
“Does including this predictor (compared to if the ꞵ = 0) 
explain more variance in response than expected by chance?”



Linear regression T statistic (testing each ꞵ) 

𝑇 =
𝛽𝑗

𝑆𝐸(𝛽𝑗)
“Does including this predictor (compared to if the ꞵ = 0) 
explain more variance in response than expected by chance?”

Visualizing SE in R



Intercept….

𝑇 =
𝛽𝑗

𝑆𝐸(𝛽𝑗)

Intercept: significance is simply regarding whether it is 
different from 0, often not particularly important

Visualizing SE in R
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Multiple Linear 
Regression

• In R
• Hypothesis testing
• Assumptions (detecting 

multicollinearity)



Single Linear Regression



Multiple Linear Regression

Instead of fitted line we have 
fitted (p-dimensional) plane

Same rules apply: multiple linear regression finds the 
slope and intercepts that minimize the RSS



Multiple Linear Regression in R
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Assumptions of Linear Regression 
(practically never met perfectly)

• Weak exogeneity: related to experimental design. How much error is 

there in the measurement? Linear regression assumes that there isn’t 

much.

• Linearity: Assumes the relationship is really linear. 

• Constant variance: variance in errors doesn’t depend on predictor.

• Lack of multicollinearity: predictors aren’t highly correlated



How to check if there is excess multicollinearity?

• Insignificant regression coefficients in the multiple regression but 
significant F test for whole model.

• Insignificant coefficient of a particular predictor in multiple linear 
regression but single linear regression (correlation) is significant

• Variance Inflation Factor (VIF) > 10 (* somewhat “arbitrary” threshold)



* Bonus * making 3d plots in R









>summary(model)



>summary(model)



>summary(model)

”Dummy” variable for intercept



>summary(model)

”Dummy” variable for intercept



Friday: more R code and how to 
use ChatGPT responsibly



Next week: General 
Linear Models
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